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Abstract. We study the ability of perturbative models with effective field theory contributions
and infra-red resummation to model the redshift space clustering of biased tracers in models
where the linear power spectrum has “features” – either imprinted during inflation or induced
by non-standard expansion histories. We show that both Eulerian and Lagrangian perturbation
theory are capable of reproducing the Fourier space two-point functions of halos up to the non-
linear scale from a suite of 40963 particle N-body simulations. This is the first demonstration that
perturbative models can accurately fit the redshift-space clustering of biased tracers in N-body
simulations of such theories. By comparing different theoretical models and IR resummation
schemes we assess the current theoretical uncertainty in predicting power spectra for models
with features. Our results suggest that future surveys will be able to detect or tightly constrain
features in the primordial spectrum below the one percent level across a wide range of scales.
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1 Introduction
Current observations of large-scale structure are consistent with a primordial power spectrum that
is featureless, upon which 14 Gyr of evolution imprints two characteristic scales: the horizon at the
epoch of matter-radiation equality and the sound horizon of photon-baryon acoustic oscillations
prior to recombination [1–3]. However many modifications of the standard model would lead to
deviations from this simple picture. Many inflationary models imprint features in the otherwise
smooth spectrum of curvature fluctuations at early times (see e.g. refs. [4, 5] for recent reviews
and references to the extensive early literature). While these features are in some sense generic,
different models predict very different properties for these features, their bandwidth, amplitude
and shape. Detection of such features would open new windows into the primordial Universe.
In addition, the evolution of these primordial perturbations across 14 Gyr of cosmic history can
‘induce’ features in the observed spectrum. One class of features which has been the focus of
intense observational activity are baryon acoustic oscillations [6]. However more generally new
types of particle interactions, new energy components or changes in the expansion history can all
alter the observed, late-time spectrum in observable ways.
The strongest constraints on primordial features to date come from a combination of cosmic
microwave background anisotropies [3, 7] and large-scale structure [8]. This has placed upper
limits on the amplitude of features at the several percent level for frequencies in the range
102 < ω < 103 h−1Mpc (see previous references for more details). Future large-scale structure
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surveys, especially those performed at high redshift over large cosmic volumes, should be able to
tighten these constraints significantly [5].
In this paper we investigate the degree to which modern perturbative calculations can quanti-
tatively predict the clustering of biased tracers in redshift space, including the “washing out” of
primordial features by mode-coupling associated with non-linear evolution, changes to the broad-
band shape of the spectrum by non-linear biasing and the mixing of the velocity and density
perturbations through redshift-space distortions. We are not the first authors to address these
topics, indeed there is an extensive literature on this topic within the context of baryon acoustic
oscillation (BAO) studies (see §4 for references). An important finding of these studies is the
existence of O(1) corrections to features for a wide range of parameters and wavenumbers of
interest. This leads one to consider resumming these O(1) contributions, which arise from the
large displacements, a process referred to as IR resummation. One method of deriving the IR
resummation process is as a saddle-point approximation to a particular integral (§4). In this
paper we pay particular attention to the manner in which IR resummation, mode coupling and
the mixing of density and velocity perturbations implied by redshift-space distortions appear
in models with features at different scales than BAO, and how IR resummation can deal with
features with k-dependent frequency where the choice of saddle is not immediately obvious.
The outline of the paper is as follows. In Section 2 we introduce the particle-mesh simulations
that we use to validate our perturbative models. Section 3 describes the specific feature models
that we test, which have been chosen to be representative of different classes that appear in
the literature, while Section 4 describes the perturbative calculations we investigate. Section
5 presents the comparison between the theory and N-body power spectra and we conclude in
Section 6. Throughout we will assume a ΛCDM cosmological model consistent with the latest
Planck results [3, 9] and quote distances in comoving h−1Mpc.
2 N-body simulations
To validate our model and further investigate the impact of non-linearity, bias and redshift-space
distortions on primordial features we have run a number of N-body simulations. For each of
several models we generated 6 realizations of Gaussian initial conditions at z = 9 using 2nd order
Lagrangian perturbation theory and employed the Fastpm code [10] to evolve 40963 particles in
a 2.5h−1Gpc box with a (3 × 4096)3 force grid over 40 time steps linearly spaced in the scale
factor, a, down to z = 0.5. With 40 steps, which improves the convergence at higher k, the code
behaves very much as a traditional particle mesh code.
Each model employed the same background cosmology, of the ΛCDM family and consistent
with the latest constraints from Planck [9]. Halo catalogs and 5 per cent of the dark matter
particles were output at z = 2, 1 and 0.5. The density power spectra in real and redshift
space and the real-space velocity spectra were computed using the Nbodykit software [11].
Fourier transforms were done on a 40963 mesh. We bin the spectra in linear k bins of width
∆k = 0.005hMpc−1 starting at kmin = 0.005hMpc−1. We compute power spectrum “wedges”,
P (k, µ), in 5 equal width µ bins centered at µ = 0.1, 0.3, 0.5, 0.7 and 0.9, as well as power
spectrum multipoles, P`(k) for ` = 0, 2 and 4. We do not remove shot noise from any of our
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Figure 1. The linear theory power spectra (left) and correlation functions (right) for our fiducial ΛCDM
model and models with primordial features superposed. The “Lin.” model has sinusoidal oscillations
linear in k (Eq. 3.1), the “Lin.×2” model has sinusoidal oscillations linear in k with two frequencies
(ω1 = 50h
−1Mpc and ω2 = 150h−1Mpc) and the “Log.” model has sinusoidal oscillations in ln k (Eq. 3.2).
See text for further details.
spectra, but rather include such contributions in our models. We present the average of the
P (k, µ) with the line of sight taken along each of the cardinal directions of the box.
We have chosen to focus on two, mass limited halo samples, with densities of 10−3 h3 Mpc−3
and 10−4 h3 Mpc−3. These are characteristic of densities achieved by surveys such as DESI [12],
MegaMapper [13] or MSE [14], though significantly sparser than one might expect from future
21 cm experiments [15]. We will highlight the results from the denser sample — which we will call
the fiducial sample throughout — since it is less noisy, but the results are qualitatively similar
for the lower density sample.
3 Feature models
We will consider two broad classes of “features” in the linear theory power spectrum. The first
will arise in the very early Universe (primordial features), for example when the perturbations
were originally generated by inflation. The second will be imprinted after inflation but at much
earlier times than the epoch of the observations. Let us take each in turn.
3.1 Primordial features
We investigate several phenomenological models of primordial features, chosen to illustrate vari-
ous issues and highlight results, rather than models based on fundamental physics calculations.
Specifically we follow the recent literature in considering two types of oscillations that are super-
posed upon the linear theory power spectrum computed for ΛCDM,
Plin(k) = PΛCDM(k)
{
1 +A sin (ωk) exp
[
−(krd)
2
2
]}
(linear) (3.1)
and
Plog(k) = PΛCDM(k)
{
1 +A sin
(
ω ln
k
k?
)
exp
[
−(krd)
2
2
]}
(logarithmic) (3.2)
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Figure 2. The linear theory power spectra (left) and their ratio (right) for our fiducial ΛCDM model and
models with features induced by a period of early dark energy (EDE) at z ' 104. See text for further
details.
with A = 0.05, k? = 0.05hMpc
−1 and rd = 2.5h−1Mpc. The first class of models have oscillations
linear in k, often termed “sharp features”, and tend to arise if the inflaton temporarily departs
from its slow roll (attractor) evolution. The second class, with oscillations in ln k, are also termed
“resonant features” [5]. Compared to earlier work we have chosen a particular phase for the linear
oscillations so that the modification tends to zero at low k and damped the models at high k with
a Gaussian. The high k damping more closely reproduces the models based on features in the
inflationary potential which tend to produce band-limited oscillations (e.g. refs. [16]), and also
ensures that our simulations are properly, numerically resolving the features. While models with
5 per cent oscillations such as these are observationally disfavored [7, 8], using larger amplitude
oscillations provides higher signal to noise in our simulations and a more stringent test of the
modeling formalism. For the linear model we choose ω = 50h−1Mpc, to emphasize non-linear
evolution of the feature compared to the BAO, while for the logarithmic model we take ω = 10,
which ensures we resolve the oscillations well with our 2.5h−1Gpc box. The linear theory power
spectra and correlation functions, extrapolated to z = 0, are shown in Fig. 1.
One of the advantages of the linear model is that it can be thought of as a single mode in a
Fourier decomposition of a more general class of features. Since all of our models are built upon
a ΛCDM template, a second feature (due to baryon acoustic oscillations in the recombination-era
Universe [2]) is always present. However, in order to gauge how well we can model non-linear
evolution, bias and redshift-space distortions in the presence of multiple frequencies we also
generate a linear model with two sine modes of frequencies ω1 = 50h
−1Mpc and ω2 = 150h−1Mpc
(Fig. 1). Each mode has the same damping and amplitude as for the “linear” model above.
3.2 Induced features
As a second class of features we consider changes to the matter power spectrum that arise
due to non-standard expansion histories. Since the growth of structure is damped by Hubble
expansion, long periods where unclustered species dominate the expansion lead to suppression
of large-scale structure that can be detected by comparing early- and late-time measures of the
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fluctuation amplitude. A precise measurement of the power spectrum shape can also be used to
place constraints on (or detect) short-term deviations from matter or radiation domination, since
such periods will change the shape of the power spectrum due to differential growth of modes.
Recently this reasoning was used to place constraints on early dark energy (EDE) models which
contribute to the expansion near recombination [17–20]. The point is more general however, and
an accurate measurement of the power spectrum constrains deviations in the expansion history
over a broad range of redshifts1.
As an exploration of these effects we consider scalar-field based models of EDE as in ref. [17],
where the impact of EDE is localized to times significantly before those probed observationally.
In fact we use the modification of CLASS [21] by the authors of ref. [17] and consider a model
where the contribution from EDE peaks at z ' 104 with peak fractional contribution (to ρ) of
10 per cent.
The linear theory power spectrum for this model is compared to our fiducial ΛCDM model
in Fig. 2, with the right panel showing the ratio to better highlight the change in shape induced
by the non-standard expansion history. The position and amplitude of the feature in the right
panel of Fig. 2 are set primarily by the redshift at which the EDE becomes non-negligible and
the fraction of the energy density in dark energy (respectively).
4 Peturbative model
4.1 Overview of Previous Work
The effect of non-linearities and long-wavelength modes (IR-resummation) on oscillatory features
in the power spectrum has long been studied in the context of BAO. A large body of work
shows that these features can be accurately modeled in Lagrangian [22–33] and Eulerian [34–43]
perturbation theory.
A perturbative analysis of features based on the Eulerian framework has been done recently
[8, 44] (see also ref. [45]), in which the authors studied the effects of long wavelength modes on the
primordial features of types given by Eqs (3.1) and (3.2). An important finding of these studies
is that higher-loop corrections give rise to O(1) modifications to the features for a wide range
of parameters and wavenumbers of interest. This leads one to consider resumming these O(1)
contributions, arising from the large displacements, as is done in the case of BAO (see above).
For a general, oscillatory power spectrum component, refs. [8, 44] show that the long modes’
effect on the one-loop contribution can be computed as
Pw1−loop(k) =
1
2
∫ Λ d3p
(2pi)3
(p · k)2
p4
P nw(k)
[
Pw(|k + p|) + Pw(|k− p|)− 2Pw(k)
]
, (4.1)
where Λ is a cut-off scale such that p < Λ ∼ k. Taylor expanding the first two components in the
brackets of integrand in q and formally integrating gives a one-loop contributions of the form
Pw1−loop,X(k) = −
1
2
k2Σ2XP
w(k), (4.2)
1While we do not consider it here, features can also be introduced by interactions between or among particle
species
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where ΣX is the effective displacement dispersion at a point and X labels either the linear, or
logarithmic shapes given in Eqs (3.1) and (3.2). The dispersion can be well approximated by
Σ2X =
1
3pi2
∫ Λ
0
dp [1− j0 (ωXp) + 2j2 (ωXp)]P nw(p), (4.3)
where for linear2 shapes (Eq. (3.1)) we have ωX = ωlin, while for logarithmic shapes we have
ωX = ωlog/k. The latter makes a further approximation that, due to the shape of P
nw, the Σlog
integral has most of its contributions from the p  k part of the integral. In the case of linear
oscillations the above expression corresponds to the results obtained in BAO studies and their
IR-resummations.
Following the results of ref. [44], the total non-linear matter power spectrum at one-loop can
be obtained as
P1−loop,X(k) = P nw(k)L +
(
1 +
1
2
k2Σ2X
)
e−
1
2
k2Σ2XPw(k)L + P
nw
1−loop
[
P nwL + e
− 1
2
k2Σ2XPwL
]
(k).
(4.4)
This expression can readily be extended to the power spectrum for biased tracers, since the
above IR-resummation procedure remains unchanged. Moreover we see that if more than a single
distinct feature is present in the power spectrum (as is the case if one studies e.g. BAO and some
other feature), the above expression simply obtains additive Pw contributions, given that, to a
very good approximation, we can neglect the cross-correlation contributions of different wiggle
components (e.g. Pwlin×PwBAO). For further details on these results we refer a reader to refs [8, 44].
In what follows we shall show how the IR resummation is naturally handled in LPT, and how
this leads to a different way of obtaining an Eulerian resummation procedure.
4.2 Lagrangian IR Resummation and Connection to Earlier Approaches
In contrast to the above, within the Lagrangian framework (LPT) IR resummation can be natu-
rally incorporated by exponentiating long-wavelength displacements [23, 28, 32]. Within ΛCDM
this is nearly equivalent to simply exponentiating the linear displacements, such that the matter
power spectrum for example is given by
Pm =
∫
d3q eik·q−
1
2
kikjA
lin
ij
{
1− 1
2
kikjA
loop
ij +
i
6
kikjkkWijk + ...
}
, (4.5)
where Aij and Wijk are n-point statistics of pairwise displacements ∆ = Ψ1 −Ψ2 with separa-
tion q = q1 − q2. Within LPT, the Eulerian resummation can be recovered as a saddle-point
approximation; briefly, for an input linear power spectrum with smooth and wiggly components
Plin = Pnw +∆PX , the latter can be expanded out of the exponent, where its configuration-space
2These derivations always assume the rd → 0 limit.
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Figure 3. Comparison of the oscillatory components of the real-space power spectrum for our fiducial
halo sample at z = 1 as predicted by 1-loop EPT and LPT for a range of IR-resummation choices in the
ΛCDM cosmology. All choices are in excellent numerical agreement – the EPT schemes are all within
10−4 of the total broadband power of each other and differ at the 10−3 level with the LPT prediction.
The latter number lets us place a minimum theoretical error on predictions for feature amplitude.
feature at some characteristic separation qX
3 will pick out a nonlinear smoothing
e−
1
2
k2Σ2X =
〈
exp
{
− 1
2
kikjA
nw,lin
ij (q)
}
|q|=qX
〉
. (4.7)
This recovers the Λ→∞ limit of Eq. 4.3. The brackets in the above equation refer to the angular
average of the exponent in the space of q’s. Decomposing Aij = X(q)δij + Y (q)qˆiqˆj into scalar
components X and Y , the most straightforward approach is to take the average to correspond
to X + Y/3, though we note for example that Eq. 4.3 corresponds to taking X + Y . If there
are multiple oscillatory components, i.e. a superposition of sinusoidal components as in “Lin.x2”
(Fig. 1), then as long as each component is perturbatively small the above argument can be
applied independently to determine the saddle-point qX and damping factor Σ
2
X of each feature
as argued for EPT in the discussion below Eq. 4.4.
Based on the Eulerian and Lagrangian discussions above it may seem like there exists an
over-abundance of possible IR resummation schemes. This is not, however, a matter of great
concern since it turns out all of these schemes behave quantitatively similarly, at least within
3In general the scale depends upon the first derivative of the argument of the sine. For logarithmic wiggles the
Eulerian treatment is equivalent to making the approximation
sin
(
ω ln
k
k∗
)
≈ sin
( ω
k0
(k − k0) + φ0
)
, (4.6)
which at each k picks out the characteristic scale qX(k) = ω/k. This approximation works increasingly well the
larger ω is (see Appendix A).
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roughly ΛCDM cosmologies. Figure 3 shows a comparison of these schemes for our fiducial
ΛCDM cosmology at z = 1, with bias parameters taken from our fiducial halo sample. Taking
Σ2X = X + Y/3 derived from Eq. 4.7 as our baseline (blue curve), we see that the differences
between this choice and the conventional EPT dampings with Λ = 0.1, 0.2hMpc−1 are extremely
small and at the level of 10−4 when compared to the (linear theory) broadband power. This is
because much of the numerical difference between the “linear” e−
1
2
k2Σ2X∆Pw is ameliorated by
correctly accounting for damping effects at one-loop level in Eq. 4.4. On the other hand, the
differences between these schemes and a direct LPT calculation in which the linear displacements
are fully resummed is larger, though still in excellent numerical agreement, at about the 10−3 level.
Finally, let us note that while the (Gaussian) statistical error on power spectrum measurements
scale as amplitude of the total power, the theory error discussed above scales as the amplitude of
the wiggles only; for example, while it is at 10−3 of the total power for the a 5% feature (BAO),
non-BAO primordial features bounded at the 1% level using BOSS and Planck data by ref. [8],
it will be at the 2× 10−4 level at the same redshift.
From the above comparison, we can conclude that (1) the disagreement between LPT and
EPT lets us set a minimum theoretical error on theoretical predictions for feature ampltidue at
about 0.1% and (2) that the difference between the various Eulerian IR resummation schemes
and their predictions for Σ2X are small compared to this theoretical error, such that we can be
reasonably cavalier when choosing between them. Indeed, as k approaches the nonlinear scale we
should expect that oscillatory signals from beyond-one-loop contributions will become increas-
ingly prominent compared to the amplitude of the linear oscillations, dwarfing the theoretical
differences highlighted above in the same way that the scale of the bottom panel of Figure 3 is
much smaller than that of the top panel. Given that the one-loop EPT-LPT difference is only a
few percent of the wiggle amplitude in ΛCDM—5 percent compare to 0.1 percent—even at the
edge of our perturbative reach at k = 0.2h Mpc−1, the above comparison suggests that searches
for primordial features should focus on exploring higher redshifts and volumes.
4.3 Redshift-Space Distortions
Since next-generation galaxy redshift surveys will be the natural hunting ground for primordial
features, the focus of this paper is to extend the modeling of primordial features in previous works
to redshift space. We use 1-loop Lagrangian and Eulerian perturbation theory (LPT and EPT)
described in the previous subsections to model both the real- and redshift-space power spectra
of biased tracers (i.e. halos in our context) as described in detail in ref. [46]. The redshift-space
power spectrum, Ps(k, µ), is evaluated as an expansion in the line-of-sight wavenumber, k‖ = kµ,
multiplying nth-order pairwise velocity spectra, such that
Ps(k, µ) =
∞∑
n=0
(ikµ)n
n!
Ξ˜
(n)
‖ (k, µ). (4.8)
The model includes Lagrangian and Eulerian third-order bias expansions along with counter
terms and stochastic terms to account for small-scale physics that we do not explicitly model.
Our fiducial model includes terms up to second order in the velocity expansion, but employ an
ansatz for the third moment which is shown to be highly accurate for ΛCDM-like models [46]. As
discussed in ref. [46], while a finite-order expansion in the velocity moments Ξ˜ necessarily omits
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feature damping due to bulk velocities that would be included in a “complete” IR resummation
scheme, particularly at high µ, we will show that it is nonetheless sufficiently accurate for upcom-
ing galaxy surveys like DESI; however, for completeness we also include comparisons to (1) the
Gaussian streaming model and (2) one-loop EPT wherein both bulk displacements and velocities
are resummed where appropriate. We set the third order Lagrangian bias to zero since its effects
are subdominant for the halos and scales of interest [47, 48].
5 Results
To see how well our perturbative models predict the non-linear evolution and redshift-space
distortions in models with primordial or induced features we compare to our N-body results.
For each model we fit to the average of the 6 simulations. The fits are done using the model
“out of the box”, i.e. without tweaking or adjusting any settings, letting only bias parameters and
effective corrections float, and assuming the correct cosmology and linear theory power spectrum.
Fixing the cosmology and linear theory power spectrum provides a stringent test, as it does not
allow variation in nuisance parameters to “soak up” inaccuracies in the fits.
Figure 4 shows an example of our fits to the real-space halo spectra for the primordial feature
models. The real-space spectra are not directly observable (except in projection, which will tend
to wash out the features) but serve to show that the model is able to predict the underlying
clustering well. We focus on the middle redshift (z = 1) and highest number density (n¯ =
10−3 h3 Mpc−3) sample since this has the smallest error bars. The agreement between both
models and N-body data is excellent over the entire range of quasi-linear scales and into the
regime where shot-noise begins to dominate the spectra. While not shown, we have checked that
the more biased sample and other redshift slices show similar levels of agreement.
In addition to the real-space power spectrum we have also measured the first two, real-space
pairwise velocity moments of our halo samples and compared them to perturbation theory. These
velocity statistics inform the angular structure of the redshift-space power spectrum (which we
expect will eventually provide our tightest observational constraints on features) in addition
to being well-defined observables in their own right, and extracting them individually gives us
a closer look at oscillatory features that only become prominent at high µ. Figure 5 shows our
best-fit LPT and EPT models for the model with two linear oscillations (Lin.×2) with broadband
shapes subtracted to isolate the oscillatory components4. Much as in ΛCDM models [46] there
is excellent agreement between LPT and EPT for the real-space power spectrum (P ), and the
pairwise velocity (v), while EPT tends to slightly underpredict the damping for the second
moment (σ`), especially as the one-loop oscillations become prominent at k > 0.1 h,Mpc
−1.
These differences are, however, small and the models predict almost identical power spectrum
wedges. Nonetheless, they are helpful in informing our theoretical error budget when searchiing
for oscillations close to the line-of-sight.
As Figs. 4 and 5 make clear the Eulerian and Lagrangian descriptions provide almost identical
performance over the range of scales where we expect perturbation theory to be valid. We find
4In this and other plots of the nonlinear oscillation signal below, we remove broadband differences by fitting a
quartic polynomial in k to the differences between plotted curves.
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Figure 4. The real-space, halo power spectra from our simulations at z = 1 and model fits. We show
results for the n¯ = 10−3 h3 Mpc−3 sample, since it has lower shot noise, but results for the sparser sample
are qualitatively similar. The open, black circles show the average of P (k) over the 4 boxes. The orange
and green lines (which are almost on top of each other) show the best-fit LPT and EPT models while the
blue line shows linear theory with the same large-scale bias as the EPT models.
this persists even for the redshift-space spectra, and so to avoid clutter we shall show only the
Lagrangian model in the following figures.
Figure 6 compares the theory prediction (LPT moment expansion) and N-body data for the
anisotropic power spectrum wedges P (k, µ) in redshift space. The theory and data are in excellent
agreement over a large range of scales and LOS angles µ, though we note that the shot noise
∼ n¯−1 plays an increasingly dominant role at the highest k’s shown. We focus on the redshift-
space wedges, which are independent in linear theory, but have checked that the theory returns
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Figure 5. Broadband-subtracted pairwise-velocity moments in real space for our fiducial halo sample
with the “Lin.×2” linear power spectrum compared to predictions from LPT and EPT. As in basic ΛCDM
models, there is excellent quantitative agreement between LPT and EPT in the zeroth and first moments,
while in the second moment EPT slightly underpredicts the damping of 1-loop wiggles prominent at higher
k.
an equivalently good fit to the smooth and oscillatory components of the multipoles.
As an additional check on possible theory differences, Fig. 7 shows the predictions for the
oscillatory components of P`(k) (i.e. with the broadband subtracted) for our fiducial halo sample
using our LPT moment expansion model, Gaussian streaming model and resummed Eulerian
perturbation theory. Despite the Lagrangian and Eulerian models being fit separately to the
wedges, i.e. P (k, µ) data, all three models are in excellent agreement with each other and the
N-body data for the multipoles, P`(k). The agreement is particularly impressive in comparison to
the scatter in the N-body data, which are themselves tighter than expected for upcoming surveys
with a total simulated volume of > 90h−3Gpc3. In order to demonstrate their equivalence at low
k, we have matched the countererms between the moment expansion and Gaussian streaming
model predictions (Appendix B), but note that at the highest k’s shown the GSM predictions for
the quadrupole are in fact in slightly better agreement with the EPT prediction, suggesting that
differences there are driven by the incomplete IR resummation of bulk velocities in the moment
expansion (see ref. [46] for further discussion).
Finally, Fig. 8 shows similar fits to the model with 10 per cent early dark energy at z ' 104.
Again the model provides an excellent fit to the N-body data in both real and redshift space on
quasi-linear scales, indicating that these scales can be used to constrain the amount of unclustered
dark energy contributing to the expansion when such modes entered the horizon. Future surveys,
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Figure 6. The redshift-space, halo power spectrum wedges from our simulations at z = 1 and model
fits. We show results for the n¯ = 10−3 h3 Mpc−3 sample, since it has lower shot noise, but results for the
sparser sample are qualitatively similar. The open circles show the average of P (k, µ) for µ = 0.1, 0.3, ...,
0.9 (colors, bottom to top), the solid lines show the best-fit LPT model.
probing large volumes at high redshift, should be able to constrain the expansion history via its
effect on growth over a broad range of cosmic history.
6 Conclusions
We have investigated how well 1-loop perturbation theory, both Eulerian and Lagrangian, can
model the redshift-space power spectra of biased tracers such as dark matter halos in models with
either primordial or induced features. By comparing the models of ref. [46] to clustering statistics
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Figure 7. Predictions using the LPT moment expansion, Gaussian streaming model and IR-resummed
EPT (REPT) for the oscillatory components of the redshift-space power spectrum monopole and
quadrupole at z = 1 for the n¯ = 10−3 h3 Mpc−3 sample. The LPT and REPT models are in excel-
lent agreement, especially compared to the scatter of the N-body data to which they were independently
fit.
measured from a series of large N-body simulations, we have shown that bias, non-linear evolution
and redshift-space distortions can all be accurately accounted for by existing perturbative models
with no need for any tuning or modification. This is the first demonstration that such perturbative
models can fit the redshift-space clustering of biased tracers in such theories to per cent level
precision on quasi-linear scales.
We compare three primordial feature models (Fig. 1) and one model with an “induced” feature
imprinted by an epoch of early dark energy (Fig. 2). We investigated two different schemes for
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Figure 8. As for Figs. 4 and 6 but for the model with an “induced feature” (see text and Fig. 2).
modeling the dynamics (Eulerian and Lagrangian), several different IR resummation schemes, and
different methods for including redshift-space distortions (a moment expansion and a cumulant
expansion: the Gaussian Streaming Model). In all cases we find excellent agreement between
the different theories and the N-body simulations. Figure 3 shows that different methods of
performing IR resummation give extremely similar predictions for the power spectrum. Figures 4
and 5 show that both LPT and EPT predict the real-space density and velocity statistics measured
in our N-body simulations well to k ' 0.25hMpc−1. With these ingredients, Fig. 6 shows that the
moment expansion accurately describes the redshift-space, power spectrum wedges, P (k, µ) with
Fig. 7 highlighting the agreement on the oscillatory features in the multipole moments for both
the moment expansion and a cumulant expansion. Figure 8 shows the same excellent agreement
for features induced by changes in the expansion history at high redshift, rather than imprinted
upon the primordial power spectrum.
This extensive set of comparisons and tests imply that current perturbative models are up
to the task of constraining models with features given suitably accurate redshift-space clustering
data. Future surveys, capable of operating over large volumes at high redshift — shifting the
non-linear scale to higher k and the fundamental mode to lower k — would be ideal in providing
such constraints. We intend to return to the detectability of these features by different surveys
[45], and the impact of degeneracies, in a future paper. However, it is clear that future surveys
that probe large volumes at high redshift should be able to constrain both primordial features
and the expansion history over a broad range of cosmic history (via its effect on growth).
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A Saddle-Point Approximation for Nonlinear Dispersions
In this appendix we expand upon the argument for selecting scale q = ω/k in the logarithmic
case, and show it follows as a special case of a more general expression in the large ω limit.
Suppose we have
∆PX(k) = PΛCDM(k) sin(ωφ(k)) (A.1)
where ω is a constant tunable parameter such that ωφ(k) is the (nonlinear) phase of the oscillating
feature. We are interested in applying the saddle-point result for linear oscillations to this case.
Around some wavenumber k = k0 of interest, we can Taylor-expand the phase as
ωφ(k) ' ω
(
φ0 + φ
′
0(k − k0) +
1
2
φ′′0(k − k0)2 + ...
)
(A.2)
where primes indicate derivatives with respect to k. Roughly, the linear approximation φL =
φ0 + φ
′
0(k − k0) will be good provided that |k − k0| < |φ′0/φ′′0| independently of ω. This also
defines the window within which to a good approximation dφ/dk ≈ φ′0.
However, unless φ(k) is linear, this window is not guaranteed to cover all interesting k. To
restrict our calculation to the interval around k0 where the linear approximation is valid, let us
multiply by a function W (k, k0) with support in the interval and which falls to zero away from
k0 with characteristic width σk = |φ′0/φ′′0|. Then we can approximate W (k, k0) sin(ωφ(k)) as
W (k, k0) sin(ωφL(k)) everywhere. In addition, for the saddle-point approximation to work we
also require that the Fourier-transformed feature be sharply localized at some scale, which will
be equal to qX = |ωφ′0| in our case. This condition is controlled by ω, since the number of cycles
within our interval is Ncyc = (2pi)
−1|ωφ′20 /φ′′0|; for a given φ(k) the bigger ω is the better.
Following the above we have that the “windowed” feature W (k, k0) ∆PX(k) receives a damping
factor well-approximated by Σ2(qX = |ωφ′0|). By the same logic we can fill out the oscillatory
signal by sequence of windows W (k, ki) each with width ∼ |φ′i/φ′′i | such that
∑
iW (k, ki) = 1 at
all k. Then, at any k we have that the damping is given by Σ2(qX = |ωφ′i|), which will to a very
good approximation be equal to φ′(k) from our previous arguments.
Let us apply this argument for the logarithmic features as an example. Setting φ(k) =
ln(k/k∗), we see that the width is set by σk ∼ k and that the requirement Ncyc  1 is equivalent
to ω  2pi. This limit is met by our fiducial ω = 10 and by the frequencies explored in the BOSS
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data in ref. [8], who also set a related criterion for the sharpness of primordial features. Note
that the fact that the corresponding ω’s are large also implies that the approximation φ′(k) ≈ φ′i
is a good one, with corrections of order ω−1 for fixed Ncyc.
B GSM vs. moment expansion
Beyond the moment expansion, the velocity statistiscs underlying redshift-space distortions can
also be expanded via cumulant expansions to yield a variety of so-called streaming models [49].
A popular example is the Gaussian streaming model (GSM) [50, 51], which derives from the
cumulant expansion in (real) configuration space at second order. A particular strength of the
GSM is its ability to accurately capture the nonlinear smoothing of the BAO feature in redshift
space, which can be roughly attributed to the responsible bulk displacements truncating at second
order in the configuration-space cumulants [46].
Recently [46], we argued that percent-level modeling of the redshift-space power spectrum
requires including the third moment, or at least approximating its effect via a counterterm ansatz.
Naively, this would rule out using the GSM for full-shape RSD analyses at intermediate (but
perturbative scales); however, a proper accounting of the counterterms in the second moment
shows that its quadrupole requires a counterterm degenerate with the above ansatz. Specifically,
splitting the two-point function into contributions from large-scale bias and effective corrections as
in Eq. 5.1 of ref. [46] and comparing with expressions for the velocity moments in LPT (Eqs. 4.11-
15) one sees that the complete set of counterterms for the power spectrum can be obtained within
the GSM by setting
αP = α0, αv = α2 − 1
18
α4, α
(2)
σ = −
2
9
α4, (B.1)
where α
(2)
σ is the counterterm to the quadrupole of σ212(k) multiplying the Zeldovich power spec-
trum PZel(k). This implies that the Fourier-transformed GSM can adequately model the redshift-
space power spectrum while also accurately capturing nonlinear smoothing of power spectrum
features.
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